Abstract. We extend further a new method for constructing p-adic L-functions associated with modular forms (see [55] ). For this purpose, we study congruences between nearly holomorphic Siegel modular forms using an explicit action of the Maass-Shimura arithmetical differential operators. We view nearly holomorphic arithmetical Siegel modular forms as certain formal expansions over A = Cp. The important property of these arithmetical differential operators is their commutation with the Hecke operators (under an appropriate normalization).
Introduction
Let p be a prime number (we often assume p ≥ 5). The purpose of this paper is to study congruences between nearly holomorphic Siegel modular forms using an explicit action of the Maass-Shimura arithmetical differential operators. We view such modular forms as certain formal expansions over A = C p .
The important property of these arithmetical differential operators is their commutation with the Hecke operators (under an appropriate normalization, see Theorem 3.9). The reason of these nice arithmetical properties is that these (nonholomorphic) operators could be algebraically interpreted in terms of the GaussManin connection acting on the de Rham cohomology sheaves of the arithmetical compactification of Siegel modular varieties (see [24] , [30] , [25] ).
Denote by M = M(A) the A-module (or simply the C p -vector space) of nearly holomorphic Siegel modular forms.
We show in Section 5, Theorem 5.1, that a fine combinatorial structure of the action of these arithmetical differential operators on the A-module M = M(A) of nearly holomorphic Siegel modular forms produces new congruences between nearly holomorphic Siegel modular forms inside a formal q-expansion ring of the form A[[q B ]][R ij ] where B = B m = {ξ = t ξ ∈ M m (Q) : ξ ≥ 0, ξ half-integral} is the semi-group, important for the theory of Siegel modular forms), and the nearly holomorphic parameters (R ij ) = R correspond to the matrix R = (4π Im(z)) −1 in the Siegel modular case. These congruences produce various p-adic L-functions attached to modular forms using a general method of canonical projection. (the A-module of nearly holomorphic Siegel modular forms of weight k, Dirichlet character ψ mod N , type r and level N p v (v ≥ 0) with coefficients in A; we view ψ as a Dirichlet character modN p v , see Section 2). According to Shimura, [68] , M m r,k (N p v , ψ; Q) is a linear vector space over Q of finite dimension hence any A-module M m r,k (N p v , ψ; A) (of fixed weight and level) has finite rank. Note that the canonical projector π α : M → M α onto the primary (characteristic) A-submodule associated to a non-zero eigenvalue α ∈ A × of the Frobenius operator U = Π + (p) = U p (Atkin's operator) is defined via the commutative diagram (2.4):
where
is the canonical projector to the α-characteristic submodule
Ker(U − αI) r of the U -operator with the kernel r≥1 Im(U − αI) r ; and M α is the maximal A-submodule on which U − αI is nilpotent. More precisely, we put π α (g) = U −v [π α,1 U v (g)] for any g ∈ M, see (2.5). The operator U acts similar to the trace operator lowering the level of modular forms. On the other hand, U is invertible on M α if α ∈ A × so that one can glue its action on forms of various levels. In this way one obtains certain distributions with values in a finite dimensional vector space starting from naturally defined distributions with values in spaces of modular forms.
The eigenspaces M (α) of U are contained in the characteristic subspaces M α , and they where used by D. Kazhdan, B. Mazur, C.-G. Schmidt, see [40] , in the p-ordinary case via a p-adic limit procedure. Notice that we do not need a p-adic limit procedure, and we treat the general case of any positive slope.
Families of Siegel Modular Forms.
Note that the problem of construction of families of modular forms is closely related to the context of Wiles' proof [76] which is based on a Galois cohomological construction of p-adic families of classical elliptic modular forms. It seems that a natural thing would be to try to extend constructions of such families to other classes of modular forms; Theorem 5.1 of the present paper gives an example: it makes it possible to define infinite families Φ α (j, where Φ α denotes the h * -admissible measure of Theorem 5.1. This construction depends on a choice of a non-zero Satake parameter, and it produces families by integration of arithmetical characters. A natural application of this construction produces various two variable p-adic L-functions attached to families of Siegel modular forms, as it was done in [58] for the Mellin transforms of elliptic cusp eigenform of weight k ≥ 2.
We mention the following main sources:
• Serre's theory of p-adic modular forms as certain formal q-expansions, [60] .
• Shimura's theory of arithmeticity for nearly holomorphic forms, [68] .
• Hida's theory of p-adic modular forms and p-adic Hecke algebras, [34] .
• Constructions of p-adic Siegel-Eisenstein series, and of p-adic KlingenEisenstein series by the author, [53] .
Remarks on modular forms of positive slope. According to R. Coleman, F. Gouvêa and B. Mazur, the structure of modular forms of a given positive slope is more complicated than in the ordinary case, even for elliptic modular forms (see the theory of "ferns" in [27] , and [14] ). Our results mean that the p-adic behaviour of Siegel modular forms depends not only on the slope but also the eigenvalue itself, see also [58] . This would be important for constructions of rigid-analytic families of Coleman type [16] in the Siegel modular case, and the corresponding families of p-adic Lfunctions. Notice that the structure of weights is more complicated in the Siegel modular case due to vector-valued modular forms.
It seems that besides fixing just a positive slope one needs some additional and more subtle parameters, given probably by an analogue of "ferns", which could provide a good understanding of overconvergency in the Siegel modular case. It would be interesting to combine our approach with geometric methods of FaltingsChai [24] and of Coleman-Mazur [14] .
In Section 5 we give a new construction of h-admissible measures attached to sequences of special modular distributions. This construction generalizes at the same time the following two cases:
(1) the standard L-function of a Siegel cusp eigenform of weight k > 2m + 2, see [20, Ch. 4] ;
(2) the Mellin transform of an elliptic cusp eigenform of weight k ≥ 2, see [58] , [55] .
A natural application of this construction would produce various two variable p-adic L-functions attached to families of Siegel modular forms, as it was done in [58] for the Mellin transforms of elliptic cusp eigenform of weight k ≥ 2.
1. Arithmetical Differential Operators 1.1. Arithmetical nearly holomorphic Siegel modular forms. Let p be a prime number (we often assume p ≥ 5).
The purpose of this paper is to describe the action of certain arithmetical differential operators on algebraically defined nearly holomorphic Siegel modular forms (in the sense of Shimura, see [68] ) over A = C p .
We view such modular forms as certain formal expansions. The important property of these arithmetical differential operators is their commutation with Hecke operators (under an appropriate normalization, see Theorem 3.9). Their action produces natural families of distributions on a profinite group Y = lim ← − Y i with values in A-modules of nearly holomorphic Siegel modular forms inside a formal q-expan-
where B is an additive semi-group, q B = {q ξ : ξ ∈ B} the corresponding formally written multiplicative semi-group (for example B = B m = {ξ = t ξ ∈ M m (Q) : ξ ≥ 0, ξ half-integral} is the semi-group, important for the theory of Siegel modular forms), and the nearly holomorphic parameters (R ij ) = R correspond to the matrix R = (4π Im(z)) −1 in the Siegel modular case. In Section 5 we give application of this theory to construction of certain p-adic families of modular forms.
They were studied by G. Shimura [68] and they admit two different descriptions:
and z ∈ H m in the Siegel upper half plane of degree m the series converges to a C ∞ -Siegel modular form of a given weight k and character ψ; as certain C ∞ -Siegel modular forms g taking values in Q at all CM-points (up to a factor independnt of a concrete form) and satisfying certain reciprocity laws at these points. The first description motivates our choice of arithmetical variables:
1.2. Description of the Shimura differential operators. We describe the action of the Shimura differential operators δ
k in terms of these arithmetical variables.
Consider the differential operator ∆ m (the Maass differential operator ) of degree m, acting on complex C ∞ -functions on H m , defined by the equality:
For any f ∈ C ∞ (H m , C), one defines also the operators
where κ = (m + 1)/2, for example if m = 1 then κ = 1. Due to H. Maass [44] , for an integer k and a Dirichlet character ψ modulo N , the differential operator
One defines then the Shimura differential operator as the composition
In order to describe explicitly the action of δ k on Fourier expansions consider, for an integer r ≥ 0 and for a complex number β, the following polynomial in the entries of the matrix z:
According to its definition the degree of the polynomial R m (z; r, β) is equal to mr and the term of the highest degree coincides with det(z) r . We have also that for β ∈ Q the polynomial R m (z; r, β) has rational coefficients.
Notice also that for m = 1 one has
M. Courtieu has established in his PhD thesis the following more explicit expression for the function R m (z; r, β) for arbitrary m (see [19, Chapter 3] and Theorem 3.6 of the present paper):
where L runs over all the multi-indices 0 
of the group GL m (C) on the vector space Λ r C m with respect to the basis
Thus ρ r (z) is a matrix of size We prove in this paper (Theorem 3.7) then that the nearly holomorphic Siegel modular form δ (r) k f (z) is given by the following formal power series expansion
where Q(f ) is the subfield of C generated by the Fourier coefficients of f , L runs over all the multi-indices 0 ≤ l 1 ≤ · · · ≤ l t ≤ m as above,
and
For r = 1 this gives:
and in the elliptic modular case m = 1, κ = (m+1)/2 = 1, and the only possibilities are t = 0, t = 1 when c 0 (k) = 1, c 1 (k) = k, and one obtains again the classical formula
Note that the operators δ k act on nearly holomorphic forms and they are very different from operators studied in [11] and [22] although some polynomials which come up in their action on Fourier expansions have similar properties.
Nearly Holomorphic Siegel Modular Forms
2.1. Algebraic nearly holomorphic Siegel modular forms. Let us define algebraic nearly holomorphic Siegel modular forms over the p-adic field A = C p . Recall that we fix throughout the paper two embeddings
and we often view the field Q as a subfield of both C and C p (the complex and the p-adic numbers) via these embeddings, omitting the symbols i ∞ and i p . Recall some notations and definitions concerning Siegel modular forms. Let A be any commutative ring with identity, then M r,s (A) denotes the set of all (r × s)-matrices with coefficients in A. For z ∈ M r (C) put e r (z) = e(tr(z)) with e(u) = exp(2iπu) for u ∈ C. We denote by t z ∈ M r,s (A) the matrix, which is transpose to z ∈ M r,s (A), and write ξ[η] for t ηξη. For an invertible matrix ξ we put ξ = t ξ −1 . If ξ is a hermitian matrix then we write ξ ≥ 0 or ξ > 0 according as ξ is non negative or positive definite.
Let H m denote the Siegel upper half plane on the degree m,
so that H m is a complex analytic variety whose dimension is denoted by m = m(m + 1)/2. Let the symbol A m denote the lattice of all half integral symetric matrices in the vector space
latice L = M m (Z) ∩ V with respect to the pairing given by (u, v) → e m (uv). Let G = GSp m be the algebraic subgroup of GL m defined by
for any commutative ring A, where
The elements of G A are characterized by the conditions
The multiplier ν defines a homomorphism ν :
and ker(ν) is denoted by Sp m (A). We also put
∞ acts transitively on the upper half plane H m by the rule
so that the scalar matrices acts trivially, and H m can be identified with a homogeneous space of the group Sp m (R). Let K m denote the stabilizer of the point i1 m ∈ H m in the group Sp m (R), and for an integer k we use the notation of Petersson for the action of γ ∈ GSp m on f :
we put also for N ∈ N:
There are the following relations for these operators:
We adopt also the notations
of the Siegel modular group Γ m = Sp m (Z), and its normal subgroup
A classical Siegel modular form f ∈ M k (N, ψ) of weight k and character ψ for
(for m > 1 the regularity at ∞ is automatically satisfied by Koecher). The Fourier expansion of such f uses the semi-group B m :
where the symbols
are used (with q ij = exp(2π( √ −1 z ij ))); they form a multiplicative semi-group so that one may consider f as a formal q-expansion and one can introduce Siegel modular forms over A as certain elements of 
Consider also for any natural number a the A-modules
and put Q r = a≥1 Q r,a .
is a C ∞ -complex function on H m satisfying the following two conditions
(a complex nearly holomorphic modular form of type r and weight k over Q in the sense of Shimura, the second condition is necessary only for m = 1).
(the A-module of nearly holomorphic Siegel modular forms of weight k, Dirichlet character ψ mod N , type r and level N p v (v ≥ 0) with coefficients in A; we view ψ as a Dirichlet character mod N p v ).
Formal expansions of nearly holomorphic forms. Let us use the nota-
for the formal Fourier expansion of a nearly holomorphic form g ∈ M m r,k (A), where
Note that we may view a given holomorphic cusp form
2.3. Action of the U -operator. Define the action of the operator U = U (p) on
) and this notation corresponds to
to a cusp form if there exists a cusp form f 0 which is an eigenfunction of U with the eigenvalue α ∈ A (U (f 0 ) = αf 0 ).
Proof. The statement (a) is verified using a known relation of U v with the trace operator on modular forms of weight k:
This operator Tr
One can write down the action of this operator on Fourier expansions using the operators U (p v ) acting by
One uses the following matrix identity:
which implies the relation:
In order to prove (b) notice that the operator U acts on the A-module of finite rank
. The statement (c) then directly follows from (a) and (b).
Definition 2.4. Suppose that α ∈ A
× is an invertible element of the algebra A. Define the α-characteristic projection
as the canonical projector to the α-characteristic submodule
Ker(U − αI) r of the U -operator with the kernel r≥1 Im(U − αI) r .
Proposition 2.5. (a) For each fixed level N p v the following diagram is commutative ∞ (H m , C), one defines also the operators M k , and δ k , by the equalities (1.1) and (1.2), and recall that κ = (m + 1)/2, We refer also the reader to section 1.2 for an explict description of these operators.
3.2. The polynomial R m (z; r, β). We now describe explicitly the polynomial R m (z; r, β) defined by (1.3). We show that this is a polynomial invariant for the action of conjugation on the space of symetric matrices y ∈ V = {ξ ∈ M m (R) :
For this purpose we use the natural representation (0 ≤ r ≤ m)
of the group GL m (C) (see Section 1.2).
Recall that the representations ρ r and ρ r turn out to be polynomial representations so that for each z ∈ M m (C) the linear operators ρ r (z), ρ r (z) are well defined. We consider the differential operators ρ r (∂/∂z) and ρ r (∂/∂z) which associate to each C-valued function on H m a certain M t (C) valued function on H m with t = m r . In particular, the Maass differential operator is given by
We define the invariant polynomials λ r (z) = tr(ρ r (z)). They are the coefficients of the characteristic polynomial of z
The following differentiation rules are valid (see [67, Lemma 9 .1]):
for α ∈ C with
One can extend the formula (3.1) to the case of the action of ∆ on n functions f 1 , . . . , f n :
where T runs over the sets of multiplets T = {0 ≤ t 1 , . . . , t n ≤ m} which satisfy |T | = t 1 + · · · + t n = m. The second sum is extended over the sets of all multiindices K and L consisting of strictely ordered subsets of multi-indices K tj and L tj such that card(K tj ) = card(L tj ) and
. . , m} are two partitions of m. The permutation σ K,L of m is determined by the following rule: for any h ∈ m, take t j such that h = h i ∈ K tj where i the rank of h in K tj (with respect to the natural order ), then σ K,L (h i ) = h i where h i is the element of rank i of L tj , and denote by ε(σ K,L ) the sign of the permutation σ K,L .
Proof of Lemma 3.1. One proves this lemma by induction on the number n of functions.
• If n = 2, this is the formula (3.1).
• We assume that (3.7) is true for (n − 1). By hypothesis we have
coincides with the operator ∆ tn−1 (z 1 ) (with respect to the variable z 1 = (z ij ) i∈Kt n−1 ,j∈Lt n−1 ). Thus formula (3.1) gives
with card(K t n−1 ) = card(L t n−1 ) = t n−1 , card(K t n ) = card(L t n ) = t n and one has 
the sum is being taken over all the multi-indices T : 
where σ K,L is the permutation of S m given by the following rule: for every This gives us then
and (3.9) follows. Due to H. Maass [44] , for an integer k and a Dirichlet character ψ modulo N , the Shimura differential operator acts on C ∞ -Siegel modular forms
We
Proof of Lemma 3.3. Let us use the differentiation rule (3.5) giving ∆ e tr (uz) det(z) α in order to compare it with action of the operator det(z)
The polynomials P l1...lr are defined recursively in such a way that hence one has the following equality satisfied by P l1...lr (u, z):
(a polynomial in matrix variables u and z independent of α and symmetric in l j ). The independence of P l1...lr (u, z) on α results from the fact that the terms depending on α factorise out using (3.2). The symmetry in l j results from the theorem of Schwarz on the independence of the mixed partial derivatives of C ∞ -functions on the order of differentiaion. Here the choice of l 1 , . . . , l r corresponds to another order of derivation applied to the factor det(z) . Replacing u by −1 m and α by −β, and using then the formula defining R(z; r, β), one finds that this is indeed a polynomial as the factors e tr (z) and e − tr (z) cancel, as well as the factors det(z) β and det(z) In particular the polynomials P l1...lr are symmetric in l j , and one can replace the index of summation l 1 = l r+1 , l 2 = l 1 , . . . , l r+1 = l r so that one obtains the expression ∆ r+1 e tr (uz) det(z) α+1 . This gives exactly the announced property.
In order to compute the Fourier expansion of δ 
Proof of Lemma 3.4. One proves this lemma by induction on r:
• If r = 0, it is obvious.
• Suppose next that it holds for some r then if one applies the Shimura operator δ k+2r one obtains
Notice that 4πξy = −2iπξ(z −z). On the other handz is aniholomorphic hence it behaves as a constant under the action of ∆, and one can write, by putting u = −2iπξ, β = κ − k − r:
One replaces this expression in the first formula pulling out the factor e m (ξz) = e tr (−uz) which is an antiholomorphic function. One obtains then
Let us now apply lemma 3.3 which gives
finishing the proof by induction.
Now we can write down the action of the Shimura operator on the Fourier expansions of Siegel modular forms in terms of the polynomial R m (z; r, β) as follows: 
where L runs over all the multi-indices Proof of Theorem 3.6. Let us write by (3.11) the following explicit expression:
and substitute in it
with 4πξy = 2πiξ(z − z), β = κ − k − r. Then we obtain the formula (3.12) of Theorem 3.6:
Let us use the differentiation rule (3.5) for α ∈ C with
and by definition (1.3)
3.5. Arithmetical nearly holomorphic Siegel modular forms were studied by G. Shimura [68] and they admit two different descriptions:
such that for all R = (4π Im(z)) −1 and z ∈ H m the series converges to a C ∞ -Siegel modular form of a given weight k and character ψ;
• as certain C ∞ -Siegel modular forms g taking values in Q at all CM-points (up to a factor independent of a concrete form) and satisfying certain reciprocity laws at these points.
The first description motivates our choice of arithmetical variables:
Our task in this section is to expliciteltly describe the action of δ (r) k in terms of these arithmetical variables.
Theorem 3.7. Let f ∈ M m k (N, ψ) be a Siegel modular form whose Fourier expansion is given by f (z) = ξ∈Bm c(ξ)q ξ , then
where Q(f ) is the subfield of C generated by the Fourier coefficients of f , L runs over all the multi-indices 0 ≤ l 1 ≤ · · · ≤ l t ≤ m as above, 
Remark 3.8. In the elliptic modular case m = 1, κ = 1, the only possibilities are t = 0, 1 when c 0 (k) = 1, c 1 (k) = k, and one obtains again the classical formula
Proof of Theorem 3.7. Let us change the variable by putting R equal (4πy) −1 = −2πi(z −z) −1 and let us use the equality (3.5) with u = −2πiξ and the polynomial (1.3) with n = r,
We have by Theorem 3.6 (see also Theorem 1.13 of [20] at p. 116) that:
where L runs over all the multi-indices 0
are polynomials in β of degree (mt−|L|) and with coefficients in the ring Z[1/2] (recall that the polynomials λ j (z) are defined by det(t1 m + z) = m j=0 λ j (z)t m−j . We now express all terms of type λ j (2πiξ(z − z)) in terms of our arithmetical variable R: 2πi(z −z) = R −1 and λ j (2πiξ(z −z)) = λ j (ξR −1 )). Viewing symmetric matrices R and ξ as independent variables let us write the definition
Let us show that the coefficients of the polynomial det(tR + ξ) admit the following very explicite expression = ρ m ((tR + ξ)z)e tr((tR+ξ)z) = det((tR + ξ)z)e tr((tR+ξ)z) , (3.18) and the substutution of z = 1 m to (3.15) and (3.18) implies (3.16). It follows from (3.16) and (3.15) that
Let us substitute (3.19) to (3.14) writng 4πy = 2πi(z − z) = R −1 ,
are polynomials in β of degree (mt − |L|) and with coefficients in the ring Z[1/2] and the first statement of Theorem 3.7 follows. In order to prove the second statement it suffices to specialize these formulae to the case of r = 1 using (3.13).
3.6. Commutation of the Shimura operator with Hecke operators. We conclude this section with a general result on commutation of the Shimura differential operator with Hecke operators (up to a normalization). Recall some basic fact about the action of Hecke algebras (see [6] ). Let q be a prime, q N ,
over Q is then defined as a Q-linear space generated by the double cosets (g) = (ΓgΓ), g ∈ ∆ of the semigroup ∆ with respect to the subgroup Γ, for which multiplication is defined by the standard rule (see [6] , [61] ).
We recall the description of the structure of L = L m q (N ), (q N ): for each j, 1 ≤ j ≤ m let us denote by w j an automorphism of the algebra
m ] defined on its generators by the rule:
Then the automorphisms w j and the permutation group Σ m of the variables x i (1 ≤ i ≤ m) generate together the Weyl group W = W m , and there is the Satake isomorphism (see [6] , [20] )
Wm .
Recall that we define Hecke operators using the notation of Petersson and Andri-
and let δ
(N, ψ) be the Shimura differential operator defined by (1.2). Consider for a fixed prime q an arbitrary element
of the extended Hecke algebra L 0 with
and assume X homogeneous (ν 1 = ν 2 = . . . ν t = ν).
In particular
Proof of Theorem 3.9. We use the known property
one immediately obtains (3.21) from the relation det g i = q νirm taking into account the homogeneousity of X.
A General Result on Admissible Measures with Values in Nearly Holomorphic Siegel Modular Forms

Profinite group. Consider again the profinite group
There is a natural projection y p : Y → Z 
(b) For a given positive integer h an h-admissible measure on Y with values in M is an A-module homomorphism
where a p = y p (a). We adopt the notation (a) v = a + (N p v ) for both an element of Y v and the corresponding open compact subset of Y .
Measures and sequences of distributions. We wish now to construct an
with values in an A-module M = M r * (A) of nearly holomorphic Siegel modular forms over A of type r * (for all j ∈ N with j ≤ h − 1 where r * ∈ N is a natural number, and A an algebra over O as in Section 1). For this purpose we define
for any sufficiently large v . Note first of all that the definition
is independent on the choice of the level: for any v ≥ κv we have by Proposition 2.5 the following comutative diagram
in which the right vertical arrow is an A-isomorphism by Proposition 2.3 (b), and by linear algebra the A-linear endomorphism U commutes with the characteristic projectors π α,v +1 , π α,1 hence
In the next theorem we use a positive quantity κ which is very different from the previously used notation κ = (m + 1)/2 Theorem 4.2. Let α ∈ A be an element of A whose absolute value |α| p satisfies 0 < |α| p < 1. Suppose that there exists a positive integer κ such that for h = [κ ord p (α)] + 1 and for any (a) v ⊂ Y the following two conditions are satisfied :
for all j = 0, 1, . . . , κh * − 1.
Then there exists an h * -admissible measure
for all j = 0, 1, . . . , h * − 1 where
denotes the α-characteristic projector (canonical projector) π α to the α-characteristic submodule of the U -operator
Ker(U − αI) n (with the kernel n≥1 Im(U − αI) n , see Definition 2.2). Here
Proof of Theorem 4.2. We need to check the h * -growth condition for the linear form 
for all j = 0, 1, . . . , hκ − 1 where a p = y p (a). Let us develop the definition of Φ α using the binomial formula:
First we notice that all the operators
are uniformely bounded for v → ∞ by a positive constant C 1 (where U = αI + Z and Z n = 0 for n = rk A M r * (N p; A)) because n does not depend on v and the binomial coefficients
On the other hand by the condition (growth) of the theorem (for the distributions Φ j )
for all j = 0, 1, . . . , κh − 1. If we apply to this estimate the previous bounded operators π α,1 U κv we get the following inequality
because of the estimate
Congruences between Nearly Holomorphic Modular Forms
Distributions with values in arithmetical Siegel modular forms.
The purpose of this section is to give a general construction of h-admissible measures attached to sequences of special modular distributions. This construction generalizes at the same time the following two cases:
(1) the standard L-function of a Siegel cusp eigenform of weight k > 2m + 2, see [20, Chapter 4] ; (2) the Mellin transform of an elliptic cusp eigenform of weight k ≥ 2, see [58] , [55] .
This construction is based on congruences for the Fourier coefficients of nearly holomorphic Siegel modular forms. We consider arithmetic Siegel modular forms over an O-algebra A where O is the ring of integers in a finite extension K of Q p . Recall that we view the field Q as a subfield of both C and C p (the complex and the p-adic numbers) and we assume that A is a closed subring of C p containing Q.
Consider the profinite group
× and consider a sequence of modular distributions Φ(j, ·) on Y with values in the module
of arithmetical nearly holomorphic Siegel modular forms. We assume that these distributions are uniquely determined by their values at all Dirichlet characters χ mod N p v given by the Fourier expansions as follows:
where κ ≥ 1 is an appropriate fixed positive integer.
We use here the notation χ M for a Dirichlet character mod M , where M = N p v ,
with any r ≥ mr j . Let us denote by
the action of U (M ) on these Fourier expansions, where M = N p κv . We assume that the growth of r j , k 1 (j), k 2 (j) is at most linear : either r j = 0, or r j is a polynomial of degree 1 in j, (5.6) and k 1 (j), k 2 (j) are polynomials of degree at most 1 in j,
We make a natural assumption on the dependence on the weight (of the holomorphic forms): the coefficients i p (a(j, ξ 1 , χ M )) and i p (b(j, ξ 2 , χ M )) are given by certain bounded p-adic integrals:
where (1) The level condition: for all Dirichlet characters χ mod M = N p v and for all j = 0, . . . , h * − 1, the following arithmetical Siegel modular forms
are of level M = N p κv , more precisely, one has
with any r ≥ mr j . (2) Linear growth: we assume that either r j = 0, or r j is a polynomial of degree 1 in j, that k 1 (j), k 2 (j) are polynomials of degree at most 1 in j.
Moreover we assume that r j (κ − 2) ≥ 0, i. e., that in the case κ = 1 we have that r j = 0. (3) Integral dependence on the weight (of the holomorphic forms): the coefficients i p (a(j, ξ 1 , χ M )) and i p (b(j, ξ 2 , χ M )) are given by certain bounded p-adic integrals, namely
Integral dependence on the parameter j: for fixed M , M , and for all ξ 1 and ξ 2 , with ξ 1 + ξ 2 = M ξ, there exists a bounded p-adic distribution µ(j, M ξ, ·) on Y satisfying: for all Dirichlet characters χ mod M , the following equality holds
Let us apply directly Theorem 4.2. We obtain that there exists an h
denotes the α-characteristic projector (canonical projector π α to the α-characteristic submodule of the U -operator
Recall the equality (3.20) which implies that for f (z) = ξ∈Bm c(ξ)q ξ one has
are polynomials in β of degree (mt−|L|) and with coefficients in the ring Z[1/2], see Theorem 3.7.
Hence the coefficients in the equality (5.5) are given by
Next combining the above remarks we deduce that the coefficients
in (5.5) are given as sums of the following expressions:
5.2. Main congruence for the Fourier expansions. Let us use the orthogonality relations for Dirichlet characters in order to prove the admissibility of the distributions given by the sequence π α (Φ(j, χ)) using the Fourier expansions (5.5). According to the admissibility criterion 4.2, we need to check the following main congruence: Note that k 1 (j )+ k 2 (j )+ 2r j = k, hence κ − k 2 (j ) − r j = κ + k 1 (j ) + r j − k. If r j = 0, R L (κ−k 2 (j )−r j ) is a polynomial of degree mt−|L| in β j = κ−k 2 (j )−r j hence of degree mt−|L| in j because β j = κ−k 2 (j )−r j and r j t is a polynomial of degree t in r j thus is of degree t in j in view of the assumption (5.6). One can therefore write r j t R L (κ − k 2 (j ) − r j ) = t+mt−|L| n=0 µ n (j + n + 1)! (j + 1)! .
Here the coefficients µ n are certain fixed rational numbers. From now on we use an additional assumption about the dependence on the parameter j: for fixed M , M , and for all ξ 1 and ξ 2 , with ξ 1 + ξ 2 = M ξ, there exists a bounded p-adic distribution µ(j, M ξ, ·) on Y satisfying: for all Dirichlet characters χ mod M , the following equality holds (1) the standard L-function of a Siegel cusp eigenform of weight k > 2m + 2. In this case Φ 1 (j, χ) is a theta function of fixed weight k 1 = m/2 + ν, and Φ 2 (j, χ) = δ rj k2(j) Ψ 2 (j, χ), where Ψ 2 (j, χ) a holomorphic Siegel-Eisenstein series of weight k 2 (j), see [20, Chapter 4] ; (2) the Mellin transform of an elliptic cusp eigenform of weight k ≥ 2. In this case r j = 0, Φ 1 (j, χ) is a holomorphic Eisenstein series of weight k 1 = 1+j, and Φ 2 (j, χ) = δ rj k2(j) Ψ 2 (j, χ), is another holomorphic Eisenstein series of weight k 2 = k − 1 − j, j = 0, . . . , k − 2, see [58] , [55] .
Using the orthogonality relations for Dirichlet characters mod M , we see that under assumption (5.15), the sum over j in (5.14) , denoted by C = C j (t, L, ξ 1 , ξ 2 ), takes the form dµ(ξ 1 , ξ 2 , y).
We have therefore (y − a) j ≡ 0 (mod M j ) in the integration domain y ≡ a (mod M ), giving the congruence 16) where c m,k ∈ Q * is a nonzero constant coming from the denominators of the fixed rational numbers µ n , and of the bounded distributions µ(j, ξ 1 , ξ 2 , y). where c m,k ∈ Q * is a nonzero constant. On the other hand we know from the description of the polynomial Q(R, ξ) = Q(R, ξ; k 2 (j), r j ) = rj t=0 r j t det(ξ) where Φ α denotes the h * -admissible measure of Theorem 5.1. A natural application of this construction produces various two variable p-adic L-functions attached to families of Siegel modular forms, as it was done in [58] for the Mellin transforms of elliptic cusp eigenform of weight k ≥ 2.
